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Abstract
The energy and momentum densities associated with the Weyl metric are cal-
culated using Møller’s energy-momentum complex. Further, using these results we
obtain the energy and momentum densities for the Curzon metric which is a par-
ticular case of the Weyl metric. The results are compared with the results obtained
by using the energy-momentum complexes of Einstein, Landau and Lifshitz, Papa-
petrou and Bergmann. We show that the aforementioned different prescriptions and
that of Møller do not give the same energy density, while give the same momentum
density.
1ragab2gad@hotmail.com
Introduction
The problem of energy and momentum localization has been one of the oldest but most in-
teresting and thorny problem in Einstein’s theory of general relativity. Much attention has
been devoted for this problematic issue. Einstein (E) was the first to construct a locally
conserved energy-momentum complex [1]. After this attempt, many physicists including
Tolman (T) [2], Landau-Lifshitz (LL) [3], Papapetrou (P) [4], Bergmann (B) [5] and Wein-
berg (W) [6] introduced different definitions for the energy-momentum complex. These
definitions only giving meaningful results if the calculations are preformed in Cartesian
coordinates. Some interesting results obtained recently lead to the conclusion that these
prescriptions give the same energy distribution for a given space-time [7]- [14]. Aguirre-
gabiria, Chamorro and Virbhadra [15] showed that the five different energy-momentum
complexes (ELLPBW) give the same result regarding the energy distribution with any
Kerr-Schild metric. Recently, Virbhadra [16] investigated whether or not these definitions
(ELLPBW) lead to the same result for the most general non-static spherically symmetric
metric and found they disagree.
Møller [17] introduced a consistent expression for an energy-momentum complex which
could be utilized to any coordinate system. Some results recently obtained [18]- [25]
sustain that the Møller energy-momentum complex is a good tool for obtaining the energy
distribution in a given space-time. Lessner [26] gave his opinion that the Møller definition
is a powerful concept of energy and momentum in general relativity. Therefore, it is
interesting and important to obtain energy distribution using Møller’s prescription. Some
interesting results [9,15,19,27–31] led to the conclusion that in a given space-time, such as:
the Reissner-Nordsto¨rm, the de Sitter-Schwarzschild, the charged regular metric and the
stringy charged black hole, the energy distribution according to the energy-momentum
complex of Møller is different from of Einstein. But in some specific cases [1, 16, 27, 32]
(the Schwarzschild, the Janis-Newman-Winicour metric) have the same result. Gad [33]
has shown that the energy and momentum densities of a Go¨del-type space-time in the
Landau and Lifshitz and Møller prescriptions not give the same result.
In this paper we calculate the energy and momentum densities for the Weyl metric as
well as Curzon metric using Møller’s energy-momentum complex and compare the result
with those already obtained using energy-momentum complexes of Einstein, Papapetrou,
Landau and Lifshitz, and Bergmann (see [34]).
Weyl [36], [37] (see also Synge [38]) showed that static, axially-symmetric gravitational
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fields can be expressed by the metric
ds2 = e2λdt2 − e2(ν−λ)(dr2 + dz2)− r2e−2λdφ2 (0.1)
where λ and ν are functions of r and z satisfying the relations
λrr + λzz + r
−1λr = 0
and
νr = r(λ
2
r − λ2z), νz = 2rλrλz.
For the above metric the determinant of the metric tensor and the contravariant
components of the tensor are given, respectively, as follows
det(g) = −r2e4(ν−λ),
g00 = e−2λ,
g11 = −e2(λ−µ),
g22 = − 1
r2
e2λ,
g33 = −e2(λ−ν).
(0.2)
1 Energy-Momentum Complexes
The conservation laws of matter plus non-gravitational fields for physical system in the
special theory of relativity are given by
T µν,µ ≡
∂T µν
∂xµ
= 0, (1.3)
where T µν denotes the symmetric energy-momentum tensor in an inertial frame.
The generalization of equation (1.3) in the theory of general relativity is written as
T µν;µ =
1√−g
∂
∂xµ
(
√−gT µν )− ΓµνλT λµ = 0, (1.4)
where g is the determinant of the metric tensor gµν(x).
The conservation equation may also be written as
∂
∂xµ
(
√−gT µν ) = ξν , (1.5)
where
ξν =
√−gΓµνλT λµ
is a non-tensorial object and it can be written as
ξν = −
∂
∂xµ
(
√−gtµν ). (1.6)
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where tµν are certain functions of the metric tensor and its first derivatives.
Now combining equation (1.6) with equation (1.5) we get the following equation ex-
pressing a local conservation law:
Θµν,µ = 0, (1.7)
where
Θµν =
√−g(T µν + tµν ) (1.8)
which is called energy-momentum complex since it is a combination of the energy-momentum
tensor T µν , of matter and all non-gravitational field, and a pseudotensor t
µ
ν which describes
the energy and momentum of the gravitational field itself.
Equation (1.8) can be written as
Θµν = χ
µλ
ν,λ, (1.9)
where χµλν are called superpotentials and are functions of the metric tensor and its first
derivatives.
2 Møller’s Prescription
The energy-momentum complex of Møller in a four dimensional background is given as [1]
ℑki =
1
8pi
χkli,l, (2.10)
where the antisymmetric superpotential χkli is
χkli = −χlki =
√−g(∂gin
∂xm
− ∂gim
∂xn
)gkmgnl, (2.11)
ℑ00 is the energy density and ℑ0α are the momentum density components.
Also, the energy-momentum complex ℑki satisfies the local conservation laws:
∂ℑki
∂xk
= 0 (2.12)
For the line element (0.1), the only non-vanishing components of χkli are
χ010 = 2rλr,
χ030 = 2rλz.
(2.13)
Using these components in equation (2.10), we get the energy and momentum densities
as following
ℑ00 =
1
4pi
(rλrr + rλzz + λr). (2.14)
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ℑ0α = 0. (2.15)
Using the relation, given below equation (0.1), we found
ℑ0i = 0.
Therefore, the energy and momentum components are vanishing everywhere. We now
restrict ourselves to the particular solutions of Curzon metric [39] obtained by setting
λ = −m
R
and ν = −m
2r2
2R4
, R =
√
r2 + z2
in equation (0.1).
For this solution it is found from equation (2.13) that the non-zero components of χilj take
the form
χ010 =
2mr2
R3
,
χ030 =
2mrz
R3
.
(2.16)
Using these components the energy and momentum densities for the Curzon solution
become
ℑ00 = 0, (2.17)
ℑ0α = 0. (2.18)
The energy and momentum components are vanishing everywhere.
In the following table we summarize our results obtained (see also [34]) for the en-
ergy and momentum densities associated with Curzon metric which have been obtained
by using Einstein, Landau and Lifshitz, Papapetrou, and Bergmann energy-momentum
complexes.
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Prescription Energy density Momentum density
Einstein θ00 =
1
16pi
[
− 4m2r2
R6
+ 4m
2
R4
+
2e2ν(− m2
R4
+ 2m
2r2
R6
)
]
θ0α = 0.
Landau and Lifshitz L00 = 1
8pi
e4ν−4λ
[
− 2m2
R4
+ 4m
2r2
R6
− 2m
R3
+
e−2ν
(
− 5m2
R4
− 4m2r2
R6
− 2m4r2
R8
+ 8m
3r2
R7
+ 2m
R3
)]
Lα0 = 0
Papapetru Ω00 = 1
16pi
[
− e2ν−4λ(4m4r2
R8
+ 12m
2
R4
− 16m3r2
R7
+
4m2
R6
)
+ 2e2ν
(
2m2r2
R6
− m2
R4
)]
Ωα0 = 0.
Bergmann B00 = me
−2λ
8piR3
[
− 2m
R
+ 2m
2r2
R4
− (e2ν − 1)−
2mr2
R3
− me2ν
R
+ 2mr
2e2ν
R3
]
Bα0 = 0
Table 1: The energy and momentum densities, using (ELLPB), for the Curzon metric
Discussion
It has been remained a controversial problem whether energy and momentum are local-
izable or not. There are different opinions on this subject, contradicting the viewpoint of
Misner et al. [40] that the energy is localizable only for spherical systems. Cooperstock
and Sarracino [41] argued that if the energy localization is meaningful for spherical sys-
tems then it is meaningful for all systems. Bondi [42] expressed that a non-localizable
form of energy is inadmissible in relativity and its location can in principle be found.
Using different definitions of energy-momentum complex, several authors studied the
energy distribution for a given space-time. Most of them restricted their intention to
the static and non-static spherically symmetric space-times. Using Einstein’s energy-
momentum complex, Rosen and Virbhadra [10] calculated the energy and momentum
densities of non-static cylindrically symmetric empty space-time. They found that the
energy and momentum density components turn out to be non-vanishing and reasonable.
In this paper, we calculated the energy and momentum density components for the
Weyl metric using Møller’s prescription. In addition, using these results we obtained
the energy and momentum density components for the Curzon metric. We compared
these results with those obtained using the four different energy-momentum complexes
(ELLPB) [34]. In the case of Weyl metric it is found that the energy-momentum complex
of Møller do not provide the same results for the energy density, comparing with the
four different energy-momentum complexes (ELLPB). On the other hand, we found that
the energy-momentum complex of Møller for the energy density associated with Curzon
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metric agrees with complexes (ELLPB) only when R→∞. Finally, in the case of Curzon
metric we see that the energy in the prescriptions (ELLPB) diverges at the singularity
(R = 0), but it will never diverge in Møller’s prescription.
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